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' ^ | Abstract 

| Complex geometry and symplectic geometry are mirrors in string theory. The 

■ recently developed generalised complex geometry interpolates between the two of 

them. On the other hand, the classical and quantum mechanics of a finite num- 
ber of degrees of freedom are respectively described by a symplectic structure and 

■ a complex structure on classical phase space. In this letter we analyse the role 
^ ' played by generalised complex geometry in the classical and quantum mechanics 

""-■^ , of a finite number of degrees of freedom. We identify generalised complex geom- 

■ etry as an appropriate geometrical setup for dualities. The latter are interpreted as 
I ' transformations connecting points in the interior of the Planck cone with points 

in the exterior, and viceversa. The Planck cone bears some resemblance with the 
^ relativistic light-cone. However the latter cannot be traversed by physical parti- 

'T"J , cles, while dualities do connect the region outside the Planck cone with the region 

^ ■ inside, and viceversa. 
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1 Introduction 

Generalised complex geometry [1,2] turns out to have many interesting applications in 
supersymmetry, supergravity, strings and M-theory [3]-[9]. In this letter we elaborate 
on yet one more application of generalised complex structures, this time to the classical 
and quantum mechanics of a finite number of degrees of freedom: the notion of duality. 
This concept implies that quantum vs. classical is relative, or dependent on the theory 
one measures from [10]. That is, to what extent a given physical phenomenon is clas- 
sical or quantum may be observer-dependent [10]. These ideas are largely motivated 
in M-theory, where there is an active interplay between physics and geometry [11]. 

2 Different geometries on phase space and their corre- 
sponding mechanics 

2.1 Symplectic geometry: classical mechanics 

The clasical dynamics of a finite number n of degrees of freedom is best described 
in terms of a classical phase space C. The latter is at least a Poisson manifold, when 
not a symplectic manifold. One can use Dirac structures [12] to interpolate between 
Poisson structures and symplectic structures. Here we will take the symplectic point of 
view and assume that C is real 2?i-dimensional admitting a symplectic structure with 
a symplectic form uj. Consider the tangent and cotangent bundles to classical phase 
space, TC and T*C. The symplectic structure can be viewed as an isomorphism ut x 
between the tangent and the cotangent fibres over each point ieC, 

uj x :T x C — >T*C, (1) 

satisfying 

uj* = -ui x (2) 

for all x € C. The asterisk denotes the linear dual. The integrability condition dui = 
must be satisfied [13]. That the cotangent bundle T*C has a deep classical-mechanical 
meaning is well known [13]. This interpretation is strengthened by the use of Darboux 
coordinates qi , pj around x G C, in terms of which ui x reads 

n 

ui x = ^dq j Ad Pj . (3) 

2.2 Complex geometry: quantum mechanics 

Quantum-mechanically one is limited by Heisenberg's uncertainty principle, so the 
simultaneous specification of dq 3 and dpj in eqn. (3) has a lower bound given by H/2. 
From a geometrical perspective, quantum mechanics abandons symplectic geometry. 



2 



Instead the holomorphic tangent bundle appears naturally as the bearer of quantum- 
mechanical information about the system. Two categories arise here: holomorphic 
objects and tangent objects. The quantum theory requires both; let us explain why. 

That the category of complex manifolds arises naturally in quantum mechanics 
is best appreciated in the theory of coherent states [14]. In connection with dual- 
ity transformations this point has been analysed in ref. [15]. There is also a sim- 
ple heurisitic argument in favour of holomorphic objects as appropriate for carrying 
quantum-mechanical information. Namely, holomorphic objects naturally respect the 
limitations imposed by Heisenberg's principle because, roughly speaking, they depend 
on zi = (q> + \pj)/\/2 but not on = {q> — ipj)/\/2. In this way the transforma- 
tion from Darboux coordinates q 1 , pj to holomorphic coordinates z' J cannot be inverted, 
since inverting it would require using also the z J , thus spoiling holomorphicity. In other 
words, the theory expressed in terms of holomorphic coordinates z J only contains half 
as much information as the theory expressed in terms of Darboux coordinates q> ,Pj, 
and Heisenberg's principle is respected. Equivalently we may state that the passage 
from classical to quantum mechanics implies a certain loss of information, which is 
implemented mathematically through complexification of classical phase space. 

Quantisation, however, does not stop at complexification. Once within the holo- 
morphic category, we will further argue in favour of holomorphic tangency as being 
quantum-mechanical in nature. This point has been established in ref. [ 1 6] for some 
particular examples. For the moment let us recall that a complex structure J on C is an 
endomorphism of the tangent fibre over each point x E C 

J x '• T X C ► T X C (4) 

satisfying 

Jl = -1 (5) 

for all x E C, as well as the Newlander-Nirenberg integrability condition that the Ni- 
jenhuis tensor N vanish identically [17]. The latter is defined on holomorphic tangent 
vectors Z, W on C in terms of the Lie bracket [• , •] of vector fields as 

N(Z, W) := [Z, W] - [JZ, JW] + J[JZ, W] - J[Z, JW\. (6) 

So the definition of a complex structure requires the notion of tangency. 

The quantum nature of tangent vectors to classical phase space follows from the 
previous considerations. Let the classical Darboux coordinates <j J , pj quantise to the 
quantum observables Q J , Pj. In the quantum theory, commutators arise as a natural 
composition law for operators. Commutators satisfy the same formal properties of 
a Lie bracket, which is the natural operation defined on tangent vectors. Hence we 
can think of the holomorphic tangent bundle T^ ^C as being quantum-mechanical in 
nature. Above, TC®C = T( li0 )C©T( 0i i)C. By contrast, the cotangent bundle T*C was 
seen to be the relevant object in classical mechanics. We conclude that the quantum 
theory is best expressed in terms of holomorphic, tangent objects. 

A comment is in order. When N ^ one calls J an almost complex structure. 
Locally on C, although not globally, the latter also succeeds in implementing the loss 
of information characteristic of the passage from classical to quantum. Now any sym- 
plectic manifold is an almost complex manifold [17]. Hence, at least locally, we can 
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always develop a quantum-mechanical theory once we are given a classical mechanics: 
it suffices to consider the corresponding almost complex structure on classical phase 
space. This latter point of view has been exploited in ref. [15]. However, in what 
follows we will find it more convenient to consider C a complex manifold, rather than 
just almost complex. 



3 Generalised complex geometry: duality 

A central idea in generalised complex geometry is that the tangent and the cotangent 
bundles to a manifold C are treated on the same footing [1, 2]. Thus, rather than consid- 
ering TC by itself or T*C by itself, one considers their direct sum TC © T*C. It is then 
natural to suspect that generalised complex structures on classical phase space provide 
the geometry necessary to implement dualities, the latter understood as the relativity 
of the notion of classical vs. quantum [10]. We devote the rest of this letter to proving 
that this intuition is indeed correct. The proof essentially boils down to an identifi- 
cation of the different elements entering generalised complex structures over classical 
phase space, and to their proper identification in (classical and/or quantum) mechanical 
language. We follow refs. [1,2] closely, omitting geometrical technicalities for brevity. 
Thus, e.g., we will illustrate our conclusions in local coordinates around a point x € C, 
forgetting about global issues that can be taken care of by the appropriate integrability 
conditions. 

Let our mechanics have n degrees of freedom. Then the total space of the bundle 
TC © T*C is real 6n-dimensional: 2n dimensions for the base, An for the fibre. 



3.1 The basics 

The space T X C © T*C carries the inner product 

(X + ^Y + rj) :=^(aX)+ V (Y)), (7) 

where X, Y g T X C and £, ?y g T*C. It has signature (2n, 2n). The group SO(2n, 2n) 
acts on T X C © T*C. Its Lie algebra so(2n, 2n) decomposes as 

( i A- ) ■ 

where A g End(T x C), A* £ End(T;C) and 

B:T X C — y T*C, (3 : T*C — ► T X C (9) 

are skew, i.e., B* = —B, (3* = -0. We view B as a 2-form in A 2 T*C via B(X) = 
%xB. Taking A = = (3 and exponentiating, 





o > 










j 


1 = 1 


, B 





(10) 
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we obtain the orthogonal transformation 



X + Z^ X + t + i x B. (11) 

These transformations are important in what follows. They are called B-transformations. 

A generalised complex structure over C, denoted J, is an endomorphism of the 
fibre over each x E C, 

■/, : T, C : T*C ■ T,C I T*C, (12) 
satisfying the following conditions. For all x E C one has 

Jl = -1 (13) 

and 

J* = -J x . (14) 

Moreover the Courant integrability condition must hold; in what follows we will as- 
sume that this condition is always satisfied. It should be realised that generalised com- 
plex geometry involves an object J that is simultaneously complex (eqn. (13)) and 
symplectic (eqn. (14)). 

Suppose that J at x G C is given by 

^ = ( I ~f ) • < 15 > 

u being a symplectic form as in section 2.1. This defines a generalised complex 
structure of symplectic type {k = 0). Indeed, J u defines a symplectic structure on C in 
the sense of section 2.1. In physical terms, this J u describes a classical mechanics. 
At the other end we have that 

^ = (~o J * J* ) ' ™ 

J being a complex structure as in section 2.2, defines a generalised complex structure 
of complex type (k = n). Again, Jj defines a complex structure on C in the sense of 
section 2.2. In physical terms, this Jj describes a quantum mechanics. 



3.2 A Darboux-like theorem 

There exists a Darboux-like theorem describing the local form of a generalised com- 
plex structure in the neighbourhood of any regular point. Roughly speaking, any man- 
ifold endowed with a generalised complex structure splits locally as the product of a 
complex manifold times a symplectic manifold. A more precise statement is as fol- 
lows. A point x £ C is said regular if the Poisson structure uj^ 1 has constant rank in a 
neighbourhood of x. Then any regular point in a generalised complex manifold has a 
neighbourhood which is equivalent, via a diffeomorphism and a ^-transformation, to 
the product of an open set in C k with an open set in R 2n ~ 2fe , the latter endowed with 
its standard symplectic form. The nonnegative integer k is called the type of J, k = 
and k = n being the limiting cases examined above. 
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3.3 ^-transformations 



Next assume that C is a linear space. Then any generalised complex structure of type 
k = is the £>-transform of a symplectic structure. This means that any generalised 
complex structure of type k = can be written as 



6 iTu 6 — 



1 \ / -u- 1 \ / 1 
-B 1 L I \ B 1 



Buj-^B Buj- 



(17) 



for a certain 2-form £>. Similarly any generalised complex structure of type k = n 
over a linear manifold C is the B-transform of a complex structure, 



1 \ / -J W 1 
-BI O J* { B 1 



-J 
BJ + J*B J* 



(18) 



When C is an arbitrary smooth manifold, not necessarily a linear space, the previous 
statements hold essentially true, with some refinements required; see refs. [1, 2]. 



3.4 The square of the symplectic form 

A metric of indefinite signature (2n, 2n) is readily manufactured with the mechanical 
elements at hand. Starting from the classical symplectic form uj in Darboux coordi- 
nates, its (block) matrix at x € C is 

— (Si. 1 )- 

Its inverse uj~ 1 = — oj x is the matrix representing classical Poisson brackets in Darboux 
coordinates [13], and (—ui x ) 2 = —1. Now \h times classical Poisson brackets are 
quantum commutators. Hence the latter are represented by the matrix 

ih i°i I)- ™ 

Setting H = 1, the above squares to the identity. The direct sum of the squares of the 
matrices (20), (19) gives us the expression, in local coordinates, of a diagonal metric 

on TC © T*C 

' l 2n 

-ljh, 



(21) 



with the desired signature (2n, 2n). The symplectic structure on classical phase space, 
plus the quantisation prescription that ih times Poisson brackets become quantum com- 
mutators, automatically dictate that the negative-signature piece of the metric must be 
classical, while the piece with positive signature must be quantum. 
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3.5 The Planck cone 



Many textbooks on special relativity take the constancy of the speed of light as their 
starting point. Mathematically this can be recast as the invariance of the light-cone un- 
der Lorentz transformations. The light-cone separates physical particles from tachyons, 
the cone itself corresponding to massless particles. The Lorentz group SO(l, 3) arises 
naturally in this setup. In our context we have the group SO(2n, 2n). Putting aside the 
fact that Q J and Pj are actually quantum-mechanical operators on Hilbert space, let us 
temporarily treat them like c-numbers {i.e., let us regard them as a basis of generators 
for the tangent space T X C). Correspondingly we can consider the cone defined within 
T X C © T*C = R 2 ™ 8 R 2 ™ by the metric (21). 

n n 

E (W J ) 2 + (^) 2 ) - E ((^) 2 + (Pif) = °- (22) 

3=1 3 = 1 

This cone separates T X C © T*C into two regions, the interior and the exterior. It makes 
sense to call (22) the Planck cone. 

Treating the classical realm as separate from the quantum world means that the 
two regions of T X C © T*C separated by the Planck cone (22) are disconnected, i.e., 
no transformations are allowed between the two of them. There exists an analogous 
situation in relativistic physics: spacelike points are disconnected from timelike points 
because of a physical principle preventing the crossing of the light-cone. Namely, all 
physical signals must propagate at a speed v < c. What the notion of duality means 
is that, under certain circumstances to be specified below, classical vs. quantum 
are not completely separate worlds, and transformations between them are allowed. 
An SO(2n, 2n)-rotation can map points inside the cone (22) into points outside and 
viceversa, and a duality can be viewed as a crossing of the Planck cone. In mechanical 
problems that do not exhibit dualities (such are all the usual examples known in the 
textbooks) there is an analogue of the physical principle prohibiting the crossing of the 
light-cone. Namely, the very inexistence of dualities itself serves as such a principle. 
On the other hand, there is ample evidence from string duality and M-theory [10] that 
a formulation is required for quantum mechanics, where dualities may be manifestly 
implemented. In fact such a formulation has been explicitly demanded in ref. [10], 
section 6. 

Let us clarify the circumstances (alluded to above in boldface) under which a du- 
ality may exist. Duality-free mechanics admit generalised complex structures of ex- 
tremal types, either k = or k = n. Hence duality transformations may exist only if 
the generalised complex structure is of nonextremal type ^ k ^ n. Even if k remains 
a constant across C, its being neither nor n means that life under the corresponding 
mechanics is neither fully classical nor fully quantum, as one can traverse the Planck 
cone back and forth by means of an SO(2n, 2n)-rotation. In such a case the corre- 
sponding classical phase space C cannot be a symplectic manifold. At most it can be 
a Poisson manifold (for a review see ref. [18]). Examples of these manifolds can be 
found in refs. [1, 2], where the so-called jumping phenomenon (the nonconstancy of k 
across C) is also illustrated. Since a generalised complex structure implies a reduction 
in the structure group from SO(2n, 2n) to SU (n, n) [1, 2], we will henceforth refer to 
dualities as SU (n, n)-rotations. 
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4 Discussion 



There are deep connections between the symplectic category and the holomorphic cat- 
egory (for a review see ref. [19]). In brief, generalised complex geometry interpolates 
between symplectic geometry and complex geometry, the latter two appearing as limit- 
ing cases of one single geometry. At the classical end we have the symplectic structure; 
at the quantum end we have the complex structure. The novelty of generalised complex 
geometry lies in the fact that both structures arise as different aspects of one and the 
same entity, namely, a generalised complex structure. 

We have applied generalised complex geometry to the classical and quantum me- 
chanics of a finite number of degrees of freedom. We have interpreted the cotangent 
bundle T*C as classical and the tangent bundle TC as quantum in order to provide a 
natural construction of a metric on TC © T*C carrying the required signature (2n, 2n). 

Nonextremal values of the type ^ k 7^ n of the generalised complex structure al- 
low for duality transformations. The latter are SU(n, n)-rotations acting on the fibres 
of the bundle TC © T*C. These rotations are always well defined on any generalised 
complex manifold C whatever the value of the type k, but they cannot be physically 
realised when k = or k = n. The existence of the S-field is an immediate conse- 
quence of this SU(n, n) symmetry. In strings and M-theory the B-field is identified 
with the Neveu-Schwarz antisymmetric tensor. In our mechanical setup the _B-field 
arises as the generator of certain SU(n, n)-rotations. The _B-field also allows one to 
reach (noncanonically) any generalised complex structure of a given type k from cer- 
tain distinguished structures carrying the same type k. In a regular neighbourhood, 
a generalised complex structure gives rise to a foliation with symplectic leaves and a 
transverse complex structure. It is interesting to observe that this is exactly the foliation 
described in the 2nd ref. of [15], section 5.3. 

The Planck cone is a pictorial way of illustrating our goal, that classical and quan- 
tum mechanics be treated on the same mathematical footing, and that duality transfor- 
mations between the classical and quantum realms be allowed. In geometrical terms 
this is reflected in the fact that generalised complex structures refer to TC®T*C, rather 
than TC or T*C alone. 

It would be interesting to investigate what applications generalised complex geom- 
etry may have on the quantum theory of gravity. In our simple, mechanical setup we 
have not quantised gravity, but we certainly have rendered the notion of a quantum 
relative. 
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